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STEM concept

Diffraction plane
= Detector plane

Focused probe

Plane wave

Objective
lens

Ԧ𝑝⊥

𝑅

STEM
Information on both
• position (real space, specimen plane)
• direction (reciprocal space, detector plane)
collected sequantially in real space
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STEM concept

Objective

aperture

𝛿(𝑥, 𝑦)

∙ 𝐴(𝑞𝑥 , 𝑞𝑦)

ℱ

ℱ−1

Objective

lens

∙ exp[iχ 𝑞𝑥 , 𝑞𝑦 ]

f

Exit wave, Ԧ𝑟

ℱ

Focused

STEM probe

Diffraction plane Ԧ𝑞

Specimen

u

v

Cathode tip

Ψ(Ԧ𝑟)

෡Ψ Ԧ𝑝 = ℱ Ψ Ԧ𝑟 ( Ԧ𝑝)
with Ԧ𝑝 = ℎ ⋅ Ԧ𝑞

• The wave functions in real and reciprocal 
space represent exactly the same quantity

• Real and momentum space representation 
are thus formally equivalent.

• What is the difference in practice?

Change representation
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Phase and momentum

Phase fronts
(plane)

Diffraction spot
Focal plane

𝑒2𝜋𝑖(𝑘+𝑞) റ𝑟

𝑘𝑥 = 𝑘𝑦 = 0

𝑞𝑧 = 𝑞𝑦 = 0

𝑞𝑥 ≠ 0

ℱ𝑥𝑦 𝑒2𝜋𝑖(𝑘+𝑞) റ𝑟 = 𝛿(𝑘 − റ𝑞)

𝛼

Shift

Phase fronts
(plane)

Diffraction spot
Focal plane

𝑒2𝜋𝑖𝑘 റ𝑟

𝑘𝑥 = 𝑘𝑦 = 0

ℱ𝑥𝑦 𝑒2𝜋𝑖𝑘 റ𝑟 = 𝛿(𝑘)

• A phase wedge in real space causes a shift in diffraction space

• The wave can be assigned a lateral momentum  Ԧ𝑝 = ℎ ⋅ Ԧ𝑞

Ԧ𝑞

𝑘
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Physical origins of phase modulations and momentum transfers

Focal plane

𝑒2𝜋𝑖𝑘 റ𝑟

d

റ𝑞 = 1/𝑑

Phase fronts

Focal plane

Phase fronts

𝑉(𝑥)

𝑥

Potential ramp

𝐸 = −𝛻𝑉 = const.

𝛼2𝜃𝐵

𝑒2𝜋𝑖(𝑘+𝑔) റ𝑟

Bragg scattered
wave

Measurement of movement of 
Bragg reflections: Strain

𝐸 = −
ℎ

𝜆
∙
𝑣

𝑒 ∙ 𝑡
sin 𝛼

Measurement of position of undiffracted 
beam/whole diffraction pattern: Electric field
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Quantum mechanical considerations

Yi

Yf

EPAtom

VP

Ԧ𝑝

Ԧ𝑝0

Ԧ𝑝⊥

Phase

Amp

Ԧ𝑝

STEM probe
wave function

Specimen exit
wave function

Consider scattering by an atom:

Question 1:

• Can we measure the average beam deflection 
(momentum transfer)  Ԧ𝑝⊥ accurately?

Question 1a:

• Why should we do so?

→ Momentum transfer caused by field 𝐸

→ Hope: recover 𝐸 from Ԧ𝑝⊥

Question 2:

• How are 𝐸 and Ԧ𝑝⊥ related physically and 
mathematically?
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• The first moment of the diffracted intensity equals 
the expectation value of the momentum.

• This is also referred to as COM – imaging.

9

Quantum mechanical considerations: Momentum transfer

Waddel & Chapman, Optik 54, 83 (1979)
Müller et al., Nat. Commun. 5, 5653 (2014)

Müller-Caspary et al., Physical Review B 98, 121408(R) (2018)

Two possibilities to calculate the expectation value of 𝒑

1. Real space

⟨ Ԧ𝑝⊥⟩ = Ψ𝑓( Ԧ𝑟⊥)
ℏ

𝑖
∇ Ψ𝑓( Ԧ𝑟⊥)

In Ԧ𝑟 representation, 𝛻 acts on 𝛹𝑓 Ԧ𝑟⊥
→ Wave fct unknown!

2. Momentum space (equivalent!)

⟨ Ԧ𝑝⊥⟩ = Ψ𝑓( Ԧ𝑝⊥) Ԧ𝑝⊥ Ψ𝑓( Ԧ𝑝⊥)

= ඵ Ԧ𝑝⊥ 𝐼 Ԧ𝑝⊥ 𝑑2 Ԧ𝑝⊥

→ 1st moment of diffracted intensity
→ Mathematically: „Centre of mass“

0 18e
I II

x
x

interstitial ~ Mo site

MoS2 example
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0 18e
I II

x
x

interstitial ~ Mo site

MoS2 example

0.1-0.1 0

-0.1

0.1

0

𝑝𝑥

𝑝𝑦
p⊥ II

p⊥ I×10

h
nm

Each scan point 
yields a  2D vector
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Position-sensitive experimental setups: DPC

50 pm
𝑅

Ԧ𝑝

Position sensitivity by segmented ring 
detectors:

Differential Phase Contrast (DPC)
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Aberration-corrected STEM: Look inside atoms

EPAtom

VP

EPAtom

VP

~150pm

~50pm
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DPC: Historical snapshots

→ Suggestion of a split quadrant
detector A B

C D

A B

C D
→ Difference signals (A-D) & (B-C)

characteristic for disc position 

→Magnetic domain walls in permalloy experimentally
observed by DPC
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~ 200nm

→ Vortex structure of magnetisation in permalloy

→ Contributions to understanding of GMR

→Manipulation and live visualisation of magnetic vortices

DPC: Historical snapshots



Prof. Dr. Knut Müller-Caspary      QEM 2025

15

DPC: Historical snapshots

→ Observation of piezoelectric fields in InGaN

→ Physics of DPC image formation
→ Contrast of light atoms („iDPC“)

iDPC Z contrast (HAADF)
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Capabilities and limitations of DPC

Dekkers & de Lang, Optik 41, 452 (1974)

H. Rose, Ultramicroscopy 2, 251(1977)

EP Atom

VP

Ԧ𝑝⊥ Ԧ𝑝⊥

Diffraction pattern (000)

A B

C D

A B

C D
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Capabilities and limitations of DPC

Dekkers & de Lang, Optik 41, 452 (1974)

H. Rose, Ultramicroscopy 2, 251(1977)

EP Atom

VP

Ԧ𝑝⊥ Ԧ𝑝⊥

Diffraction pattern (000)

A B

C D

A B

C D

Diffraction pattern (000)

EP Atom

VP

Ԧ𝑝⊥ Ԧ𝑝⊥
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Capabilities and limitations of DPC

Dekkers & de Lang, Optik 41, 452 (1974)

H. Rose, Ultramicroscopy 2, 251(1977)

EP Atom

VP

Ԧ𝑝⊥ Ԧ𝑝⊥

Diffraction pattern (000)

A B

C D

A B

C D

EP Atom

VP

Diffraction pattern (000)

Ԧ𝑝⊥

Yi

Yf

Ԧ𝑝

Ԧ𝑝0

Ԧ𝑝⊥

Phase
Amp

Ԧ𝑝

DPC
• Approximates first moment/COM imaging via 

segmented ring detectors

• Yields high contrast for 𝑬, 𝑩 and light elements
• Quantification difficult/usually fails when field 

gradients are present at the scale of the probe



Prof. Dr. Knut Müller-Caspary      QEM 2025

19

STEM with full momentum resolution

Ԧ𝑝⊥

𝑅

𝑅

4-dimensional data set Full diffraction pattern at each 

scan position
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Ultrafast cameras

Conventional STEM
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Introduction of
„ultrafast cameras“

Müller-Caspary et al., Appl. Phys. Lett. 101, 212110 (2012)
Müller-Caspary et al., Appl. Phys. Lett. 107, 072110 (2015)

< ms range

ps range (!)

20202012

pnCCD

Delay-lines

Medipix

K2

EMPAD

Tate et al, M&M 22, 237 (2016)
Plackett et al., J. Instr. 8, C01038 (2013)

H. Ryll et al., J. Instrum. 11, P04006 (2016)
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Introduction of
„ultrafast cameras“

Müller-Caspary et al., Appl. Phys. Lett. 101, 212110 (2012)
Müller-Caspary et al., Appl. Phys. Lett. 107, 072110 (2015)

< ms range

ps range (!)

20202012

pnCCD

Delay-lines

Medipix

K2

EMPAD

Tate et al, M&M 22, 237 (2016)
Plackett et al., J. Instr. 8, C01038 (2013)

H. Ryll et al., J. Instrum. 11, P04006 (2016)

Ultrafast cameras

Momentum-resolved STEM: Allows versatile characterisation in addition to position-sensitivity

(a) Single diffraction pattern (b) BF 0−23 mrad

(c) CTEM 0−0.5 mrad (e) HAADF 50−60 mrad

(d) LAADF 26−32 mrad (f) Ԧ𝑝⊥ first moment

-1    0    1

ℎ/nm

(g) div Ԧ𝑝⊥

2 nm
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Approximating first moment with segmented detectors: Transfer function?

Segmented

detector

E+

STEM

probe

B(or    ) A

B

C

D

Differential Phase Contrast
(DPC)

• Opposite segment differences approximate Ƹ𝑝 :

Ƹ𝑝 𝑠𝑒𝑔~
𝐶 − 𝐴
𝐷 − 𝐵

• Correction for transfer function (Fourier space):

ℱ Ƹ𝑝 𝑠𝑒𝑔
𝑐𝑜𝑟𝑟 =

𝑇𝐹first moment
𝑇𝐹segment Det.

∙ ℱ Ƹ𝑝 𝑠𝑒𝑔

• Segmented DPC yields first moments approximately

• Difficult to quantify, difficult to correct by TF

ො𝑝 𝑠𝑒𝑔
𝑐𝑜𝑟𝑟

ො𝑝 𝑠𝑒𝑔

ො𝑝

Müller-Caspary et al., Ultramicroscopy 203, 95 (2019)
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From momentum transfer to electric field

The Ehrenfest theorem states for a quantum mechanical operator ො𝑜:

𝑑 ො𝑜

𝑑𝑡
=
𝑖

ℏ
෡𝐻, ො𝑜 +

𝜕ො𝑜

𝜕𝑡

with the Hamilton Operator

෡𝐻 =
Ƹ𝑝⊥
2

2𝑚𝑒
− 𝑒 ෠𝑉 Ԧ𝑟 .

We have ො𝑜 = Ƹ𝑝⊥ and assume the static case, thus

𝜕ො𝑜

𝜕𝑡
= 0 .
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− 𝑒 ෠𝑉 Ԧ𝑟 .

We have ො𝑜 = Ƹ𝑝⊥ and assume the static case, thus

𝜕ො𝑜

𝜕𝑡
= 0 .

From the commutator ෡𝐻, ො𝑜 we have to evaluate the expression

Ƹ𝑝⊥
2 , Ƹ𝑝⊥ = Ƹ𝑝⊥ Ƹ𝑝⊥, Ƹ𝑝⊥ = Ƹ𝑝⊥ Ƹ𝑝⊥, Ƹ𝑝⊥ + Ƹ𝑝⊥, Ƹ𝑝⊥ Ƹ𝑝⊥ = 0 .

What remains is the potential part (care: ∇⊥ acts on unwritten wave function, too):

−𝑒 ෠𝑉 Ԧ𝑟 ,
ℏ

𝑖
∇⊥ = −𝑒

ℏ

𝑖
෠𝑉 Ԧ𝑟 ∇⊥ − ∇⊥ ෠𝑉 Ԧ𝑟 − ෠𝑉 Ԧ𝑟 ∇⊥ = 𝑒

ℏ

𝑖
∇⊥ ෠𝑉 Ԧ𝑟 = −𝑒

ℏ

𝑖
𝐸⊥



Prof. Dr. Knut Müller-Caspary      QEM 2025

26

From momentum transfer to electric field

From

𝜕 ො𝑜

𝜕𝑡
= 0,   Ƹ𝑝⊥

2 , Ƹ𝑝⊥ = 0,   −𝑒 ෠𝑉 Ԧ𝑟 ,
ℏ

𝑖
∇⊥ = −𝑒

ℏ

𝑖
𝐸⊥

we arrive at
𝑑 Ƹ𝑝⊥
𝑑𝑡

= −𝑒 𝐸⊥ .

An electron with velocity 𝑣 travels a distance 𝑑𝑧 during time interval 𝑑𝑡, thus

𝑑 Ƹ𝑝⊥ =
−𝑒

𝑣
𝐸⊥ 𝑑𝑧 .

This can be integrated to yield

Ƹ𝑝⊥ =
−𝑒

𝑣
න 𝐸⊥ 𝑑𝑧 =

−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 ⋅ 𝐼 Ԧ𝑟 𝑑𝑥 𝑑𝑦 𝑑𝑧

Specimen

𝐼 Ԧ𝑟

The expectation value of the momentum equals the integral over the 

product of electric field and intensity in the whole interaction volume. 

This expression is exact.
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From momentum transfer to electric field

Correct result:

Ƹ𝑝⊥ =
−𝑒

𝑣
න 𝐸⊥ 𝑑𝑧 =

−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 ⋅ 𝐼 Ԧ𝑟 𝑑𝑥 𝑑𝑦 𝑑𝑧

Problem:

𝐼 Ԧ𝑟 varies strongly in the specimen due to 
propagation and (multiple) scattering. 

Solution:

Approximate 𝐼 Ԧ𝑟 to be the intensity of the STEM probe in the whole specimen.

→ For thin specimen 𝐼 Ԧ𝑟 ≈ 𝐼 Ԧ𝑟⊥ = 𝐼(𝑥, 𝑦)

→ Perform 𝑧 Integration of 𝐸⊥ Ԧ𝑟 :

Ƹ𝑝⊥ =
−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 𝑑𝑧 ⋅ 𝐼 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

=
−𝑒

𝑣
ඵ𝐸⊥

𝑃 𝑥, 𝑦 ⋅ 𝐼 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

Projected electric field [V]:

𝐸⊥
𝑃 𝑥, 𝑦 ≔ න𝐸⊥ Ԧ𝑟 𝑑𝑧

x

y

z
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From momentum transfer to electric field

Thin specimen:

Ƹ𝑝⊥ =
−𝑒

𝑣
ඵ𝐸⊥

𝑃 𝑥, 𝑦 ⋅ 𝐼 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

Now we introduce the scan coordinate 𝑹:

𝐼 𝑥, 𝑦 equals a probe centered on the optical axis 𝐼𝑐 𝑥, 𝑦 , which is shifted to 𝑅 = (𝑋, 𝑌):
𝐼 𝑥, 𝑦 = 𝐼𝑐 𝑥 − 𝑋, 𝑦 − 𝑌

Thus:

Ƹ𝑝⊥(𝑅) =
−𝑒

𝑣
ඵ𝐸⊥

𝑃 𝑥, 𝑦 ⋅ 𝐼𝑐 𝑥 − 𝑋, 𝑦 − 𝑌 𝑑𝑥 𝑑𝑦

Or:

Specimen

0:=⊥p


z

⊥r

⊥R


ෝ𝒑⊥(𝑹) =
−𝒆

𝒗
𝑰𝒄 ⋆ 𝑬⊥

𝑷

The average momentum transfer in a thin specimen equals the cross-correlation 
(⋆) of the intensity of the STEM probe and the projected electric field. 
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Examples

Electric field

Charge density

The early days (2014)

Data taken by
Armand Béché

The charge density can be calculated from the
measured electric field by the divergence operator

𝜚 𝑅 = −
𝑣𝜀0
𝑒
div Ƹ𝑝⊥(𝑅)
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Examples

Electric field

Charge density

The early days (2014)

Data taken by
Armand Béché

The charge density can be calculated from the
measured electric field by the divergence operator

𝜚 𝑅 = −
𝑣𝜀0
𝑒
div Ƹ𝑝⊥(𝑅)

4 min acquisition on
Medipix 3 Merlin
camera
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Calculating the electrostatic potential

Starting point: Electric field given by

𝐸(Ԧ𝑟) = −∇𝑉(Ԧ𝑟)

Fourier Transform of both sides:

ℱ 𝐸 Ԧ𝑞 = −ℱ ∇𝑉 Ԧ𝑞 = −ඵ ∇𝑉(Ԧ𝑟) 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟

𝑢′ 𝑣

𝑢′𝑣 = 𝑢𝑣 ′ − 𝑢𝑣′
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Calculating the electrostatic potential

Starting point: Electric field given by

𝐸(Ԧ𝑟) = −∇𝑉(Ԧ𝑟)

Fourier Transform of both sides:

ℱ 𝐸 Ԧ𝑞 = −ℱ ∇𝑉 Ԧ𝑞 = −ඵ ∇𝑉(Ԧ𝑟) 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟

Inserting product rule:

ℱ 𝐸 Ԧ𝑞 = −∇ Ԧ𝑟ඵ𝑉 Ԧ𝑟 ⋅ 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟 + 2𝜋𝑖 Ԧ𝑞ඵ𝑉 Ԧ𝑟 ⋅ 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟

⟺ ℱ 𝐸 Ԧ𝑞 = −∇ Ԧ𝑟 ℱ 𝑉 Ԧ𝑞 + 2𝜋𝑖 Ԧ𝑞 ℱ 𝑉 Ԧ𝑞

𝑢′ 𝑣

𝑢′𝑣 = 𝑢𝑣 ′ − 𝑢𝑣′

red: ℱ 𝑉 Ԧ𝑞
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Starting point: Electric field given by

𝐸(Ԧ𝑟) = −∇𝑉(Ԧ𝑟)

Fourier Transform of both sides:

ℱ 𝐸 Ԧ𝑞 = −ℱ ∇𝑉 Ԧ𝑞 = −ඵ ∇𝑉(Ԧ𝑟) 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟

Inserting product rule:

ℱ 𝐸 Ԧ𝑞 = −∇ Ԧ𝑟ඵ𝑉 Ԧ𝑟 ⋅ 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟 + 2𝜋𝑖 Ԧ𝑞ඵ𝑉 Ԧ𝑟 ⋅ 𝑒−2𝜋𝑖𝑞 Ԧ𝑟 𝑑2𝑟

⟺ ℱ 𝐸 Ԧ𝑞 = −∇ Ԧ𝑟 ℱ 𝑉 Ԧ𝑞 + 2𝜋𝑖 Ԧ𝑞 ℱ 𝑉 Ԧ𝑞

Solving for ℱ 𝑉 Ԧ𝑞 :
Ԧ𝑞

2𝜋𝑖𝑞2
⋅ ℱ 𝐸 Ԧ𝑞 = ℱ 𝑉 Ԧ𝑞

Inverse Fourier Transform:

𝑢′ 𝑣

𝑢′𝑣 = 𝑢𝑣 ′ − 𝑢𝑣′

red: ℱ 𝑉 Ԧ𝑞

𝑉 Ԧ𝑟 = ℱ−1
Ԧ𝑞

2𝜋𝑖𝑞2
⋅ ℱ 𝐸 Ԧ𝑞 (Ԧ𝑟)

1. Fourier transform 𝐸 component-wise
2. Multiply by reciprocal space coordinate 

essentially
3. Inverse Fourier-transform result.
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First moment STEM
Data-driven summary: BL WSe2

0
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50

0 25020015010050
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50

0 25020015010050

1st

moment

Thin 

specimen

0

250
0 250

Charge density (C/m²)

0

250
0 250

Projected Coulomb potential (Vm)

e.g. 5/9-pt 

stencil ׬

Projected electric field

0

250
0 250

𝐸 = −∇𝑉
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Outline

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation
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Motivation

A-Nitride

A-Nitride

B-Nitride

P

Ferroelectric Tunnel Jct.

Polarisation in nitride
heterostructures

p n

Electric field at pn-Jct.
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Measurement of polarisation-induced electric fields

So far:  Approximation for thin specimen (< 5 𝑛𝑚) only.

Question:
Can one measure meso-scale electric field in 

thick specimens?

Problem: 
Dynamical scattering such that

Ƹ𝑝⊥(𝑅) =
−𝑒

𝑣
𝐼𝑐 ⋆ 𝐸⊥

𝑃

Ԧ𝑝



Prof. Dr. Knut Müller-Caspary      QEM 2025

38

Measurement of polarisation-induced electric fields

So far:  Approximation for thin specimen (< 5 𝑛𝑚) only.

Question:
Can one measure meso-scale electric field in 

thick specimens?

Problem: 
Dynamical scattering such that

Ƹ𝑝⊥(𝑅) =
−𝑒

𝑣
𝐼𝑐 ⋆ 𝐸⊥

𝑃

Ԧ𝑝

However: 
Inversion symmetry → no net 
momentum transfer around an 
atomic column.
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Measurement of polarisation-induced electric fields

So far:  Approximation for thin specimen (< 5 𝑛𝑚) only.

Question:
Can one measure meso-scale electric field in 

thick specimens?

Problem: 
Dynamical scattering such that

Ƹ𝑝⊥(𝑅) =
−𝑒

𝑣
𝐼𝑐 ⋆ 𝐸⊥

𝑃

Ԧ𝑝

However: 
Inversion symmetry → no net 
momentum transfer around an 
atomic column.

Unit cell average: 
(Hopefully) vanishes at all 
thicknesses
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Measurement of polarisation-induced electric fields

So far:  Approximation for thin specimen (< 5 𝑛𝑚) only.

Question:
Can one measure meso-scale electric field in 

thick specimens?

Problem: 
Dynamical scattering such that

Ƹ𝑝⊥(𝑅) =
−𝑒

𝑣
𝐼𝑐 ⋆ 𝐸⊥

𝑃

Ԧ𝑝

However: 
Inversion symmetry → no net 
momentum transfer around an 
atomic column.

Unit cell average: 
(Hopefully) vanishes at all 
thicknesses

If not:
Due to a long-range external

field 𝑬𝒆𝒙𝒕.

𝐸𝑒𝑥𝑡.
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Measurement of polarisation-induced electric fields

Write electric field as a sum of constant external and varying 
part causing dynamical scattering:

𝐸⊥ 𝑥, 𝑦, 𝑧 = 𝐸𝑒𝑥𝑡 + 𝐸𝑑𝑦𝑛 𝑥, 𝑦, 𝑧 .

Average momentum transfer:

Ƹ𝑝⊥(𝑅) = −
𝑒

𝑣
⋅ 𝐸𝑒𝑥𝑡. ⋅ 𝑡 + Ƹ𝑝⊥ 𝑅

𝑑𝑦𝑛

Above: Correct result

Ƹ𝑝⊥ =
−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 ⋅ 𝐼 Ԧ𝑟 𝑑𝑥 𝑑𝑦 𝑑𝑧
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Measurement of polarisation-induced electric fields

Write electric field as a sum of constant external and varying 
part causing dynamical scattering:

𝐸⊥ 𝑥, 𝑦, 𝑧 = 𝐸𝑒𝑥𝑡 + 𝐸𝑑𝑦𝑛 𝑥, 𝑦, 𝑧 .

Average momentum transfer:

Ƹ𝑝⊥(𝑅) = −
𝑒

𝑣
⋅ 𝐸𝑒𝑥𝑡. ⋅ 𝑡 + Ƹ𝑝⊥ 𝑅

𝑑𝑦𝑛

Unit cell average: minimize impact of Ƹ𝑝⊥ 𝑅
𝑑𝑦𝑛

:

Above: Correct result

Ƹ𝑝⊥ =
−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 ⋅ 𝐼 Ԧ𝑟 𝑑𝑥 𝑑𝑦 𝑑𝑧

Ƹ𝑝⊥ 𝑅
𝑈𝐶

= −
𝑒

𝑣
⋅ 𝐸𝑒𝑥𝑡. ⋅ 𝑡 + Ԧ𝛿(𝑡)

Ԧ𝛿(𝑡): Systematic error due to violation of inversion 
symmetry

... which is usually present in the materials of interest ...
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Measurement of polarisation-induced electric fields

Write electric field as a sum of constant external and varying 
part causing dynamical scattering:

𝐸⊥ 𝑥, 𝑦, 𝑧 = 𝐸𝑒𝑥𝑡 + 𝐸𝑑𝑦𝑛 𝑥, 𝑦, 𝑧 .

Average momentum transfer:

Ƹ𝑝⊥(𝑅) = −
𝑒

𝑣
⋅ 𝐸𝑒𝑥𝑡. ⋅ 𝑡 + Ƹ𝑝⊥ 𝑅

𝑑𝑦𝑛

Unit cell average: minimize impact of Ƹ𝑝⊥ 𝑅
𝑑𝑦𝑛

:

Above: Correct result

Ƹ𝑝⊥ =
−𝑒

𝑣
ම𝐸⊥ Ԧ𝑟 ⋅ 𝐼 Ԧ𝑟 𝑑𝑥 𝑑𝑦 𝑑𝑧

Ƹ𝑝⊥ 𝑅
𝑈𝐶

= −
𝑒

𝑣
⋅ 𝐸𝑒𝑥𝑡. ⋅ 𝑡 + Ԧ𝛿(𝑡)

Ԧ𝛿(𝑡): Systematic error due to violation of inversion 
symmetry

... which is usually present in the materials of interest ...
Piezo-/spontaneous 
polarisation in GaN

Ferroelectricity in 
perovskites
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Measurement of polarisation-induced electric fields: GaN

(a)

Unit cell average [1ത100]
Unit cell average [0001]
External field 5 MV/cm𝐸𝑒𝑥𝑡.

Ga

N

[1
ത 1
0
0
]

[0001]

(b)
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Measurement of polarisation-induced electric fields

AlN/GaN nanodiscs

50 nm

HAADF Al Ga N

J. Müßner et al., ACS nano 11 (2017) 8758

K. Müller-Caspary et al., PRL 122, 106102 (2019)

0 V 200 V

Projected
potential

(1 unit cell)

Multiple
scattering

Momentum transfer
(atomic resolution)

STEM probe

Ga,Al

N

Ga/Al atom

N atom

Ԧ𝑝⊥

Momentum-
resolved

4D data set
(array of diffrac-

tion patterns)
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Measurement of polarisation-induced electric fields

AlN/GaN nanodiscs

50 nm

HAADF Al Ga N

J. Müßner et al., ACS nano 11 (2017) 8758

K. Müller-Caspary et al., PRL 122, 106102 (2019)

e

h

• Polarisation-induced 

electric fields

• Quantum-confined Stark 

effect

Background

Coop:

M. Eickhoff

A. Rosenauer

Bremen

0 V 200 V

Projected
potential

(1 unit cell)

Multiple
scattering

Momentum transfer
(atomic resolution)

STEM probe

Ga,Al

N

Ga/Al atom

N atom

Ԧ𝑝⊥

Momentum-
resolved

4D data set
(array of diffrac-

tion patterns)
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Measurement of polarisation-induced electric fields

UC

± 0.5 

h/nm

Ԧ𝑝⊥BF int.

6      x103 el.

4 nm

HAADF

AlN

GaN

4 nm Volts

PGaN

PAlN

[000ത1]

𝐸⊥ proj

UC

[1ത100]

-150V  0V    150V

PAlN

PGaN

Exp

Model

𝜟𝑬𝒑𝒐𝒍 = 𝟓. 𝟑 𝑴𝑽
𝒄𝒎

• Polarisation-induced 

electric fields at unit-cell 

resolution

• 5 – 6 MV/cm measured

K. Müller-Caspary et al., PRL 122, 106102 (2019)
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Measurement of polarisation-induced electric fields

Achim Strauch et al,
Microscopy and Microanalysis 29, 

499 (2023)

Mauricio Cattaneo et al., 
Ultramicroscopy 267, 114050 

(2024)

4D STEM Tilt map

3 mrad

0 mrad

Systematic error

Summary polarisation fields

• Polarisation-induced field mapping must be done with care, 
• i.e. accompanied by comprehensive simulations
• Whether fields are measureable depends on

− magnitude
− domain formation
− crystal structure
− orientation and thickness gradients
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Outline

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation
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Practice hint 1: Relative rotation between scan and camera

• Usually, the momentum vector field is registered in 
the coordinate system of the scan.

• Momentum vectors are usually determined in the 
coordinate system of the camera.

• In almost all cases both coordinate systems are 
rotated against each other.

• This can cause a gradient field to appear as a curl
field

→ Measure correct rotation and
→ Correct directions of measured momentum transfers

Josef Zweck et al., Ultramicroscopy 250, 113752 (2023)
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Practice hint 2: Relative rotation between scan and camera

One method: Minimize

𝐸 Ԧ𝑟 + ∇ ℱ−1
Ԧ𝑞

2𝜋𝑖𝑞2
⋅ ℱ 𝐸 Ԧ𝑞 (Ԧ𝑟)

by varying the rotation of 𝐸
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Practice hint 3 & 4: Sampling in diffraction space and cutoff

Müller-Caspary & Krause et al., Ultramicroscopy 178, 62 (2017)

Sampling of the diffraction pattern

• can be quite low for pixelated STEM 

compared to the typical number of camera 

pixels

• negligible error for a 20 x 20 sampling in 

the present study
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Practice hint 3 & 4: Sampling in diffraction space and cutoff

Müller-Caspary & Krause et al., Ultramicroscopy 178, 62 (2017)

Sampling of the diffraction pattern

• can be quite low for pixelated STEM 

compared to the typical number of camera 

pixels

• negligible error for a 20 x 20 sampling in 

the present study

In the strict sense:

• Infinite integration limits for first moment:

Ԧ𝑝⊥(𝑅) = ℎ ඵ

−∞

∞

Ԧ𝑞⊥𝐼( Ԧ𝑞⊥, 𝑅) 𝑑
2𝑞

• However:
− Detectors are finite
− Cutoff depends on

camera length

𝑞𝑚𝑎𝑥

• No general rule for robust cutoff

• Should be checked such that Ԧ𝑝⊥(𝑅)

converges when increasing 𝑞𝑚𝑎𝑥

• Rule of thumb: 𝑞𝑚𝑎𝑥 in the range of

1.2 – 1.5 x Ronchigram radius 
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Practice hint 5: Signal-dependent focus

Specimen

Ring

detector

Fast

camera

fast
1. Adjust to 

max. Z-contrast

slow
2. Acquire Ԧ𝑝⊥-

resolved STEM

ADF

Ԧ𝑝⊥

Result Result

• The optimum focus is signal-dependent

• Angle dependence?

• Consequence: Pixelated detectors are not really universal

• → Focal series momentum-resolved STEM ...

Hoel Robert et al., Ultramicroscopy 233,113425 (2022)
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Focal series momentum-resolved STEM

Focus- & Signal-dependent contrast (𝝈/𝝈𝒎𝒂𝒙)

Conclusion

→ Sensitivity to surfaces

→ Momentum-resolved STEM is not fully 

„universal“...

13 nm                 exp

Hoel Robert et al., Ultramicroscopy 233,113425 (2022)
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Focal series momentum-resolved STEM

And this effect can be much 

worse even!

Medipix data, 
unfiltered

PACBED

It is recommended to focus on 

the first moment before 

recording (not the HAADF), 

since both signals might have 

different optimum foci.
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Coherence

Legend

Emax

Ԧ𝑝⊥ = −𝑒
𝑣 𝐸𝑃 ∗ 𝐼0 𝑅

Emax = 2.5kV Emax = 300V

Experiment

Emax = 100V

• Simulation does not match at all

Monolayer MoS2

Müller-Caspary et al., Physical Review B 98, 121408(R) (2018)
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Coherence (spatial)

Müller-Caspary et al., Physical Review B 98, 121408(R) (2018)

Lens

Specimen

o
b

je
c
t 
d

is
ta

n
c
e

im
a

g
e

 d
is

ta
n

c
e

focal

plane

extended

source

𝑠

𝑤(𝑠)
𝜀𝑠

(b) Coherent diffraction

Int.

Int.

(c) Partially coherent

𝜀𝑠 = 100pm

𝜀𝑠 = 0

Ԧ𝑠

Ԧ𝑠𝑅

20 mrad

20 mrad

1. Intensity of diffraction pattern formed by source 

point Ԧ𝑠 at nominal scan position 𝑅: 

w s ∙ K( Ԧ𝑝, 𝑅+ Ԧ𝑠)

2. Recorded diffraction pattern: Incoherent 
summation over all source points:

K Ԧ𝑝, 𝑅 = ඵw s ∙ K( Ԧ𝑝, 𝑅+ Ԧ𝑠) 𝑑2 Ԧ𝑠

3. First moment of recorded diffraction pattern:

Ԧ𝑝(𝑅) = ඵඵw s ∙ K Ԧ𝑝, 𝑅+ Ԧ𝑠 Ԧ𝑝 𝑑2 Ԧ𝑠𝑑2 Ԧ𝑝

= ඵඵK Ԧ𝑝, 𝑅+ Ԧ𝑠 Ԧ𝑝 𝑑2 Ԧ𝑝 w s 𝑑2 Ԧ𝑠

= Ԧ𝑝(𝑅 + Ԧ𝑠)

= 𝒘 ∘ 𝒑 𝑹

4. Measured electric field: 𝐸 𝑅 = 𝑤 ∘ 𝐸𝑃 ⋆ 𝐼0 𝑅

5. Measured charge density: 𝜚 𝑅 = 𝑤 ∘ 𝜚𝑃 ⋆ 𝐼0 𝑅

6. ... same for partial temporal coherence
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Legend

Emax

Ԧ𝑝⊥ = −𝑒
𝑣
𝐸𝑃 ∗ 𝐼0 𝑅

Emax = 2.5kV Emax = 300V

Experiment

Emax = 100V

• Partial coherence has drastic effect on 

measured field and charge density

Emax = 100V

𝑤 ∘ (𝐸𝑃 ∗ 𝐼0)

BL averageML average

Monolayer MoS2

Coherence (spatial)
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Outline

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation



Inversion of multislice

⊗𝐹(𝑠1)

⊗ 𝐹(𝑠2)

𝑅

Forward multislice (coherent formulation)

Diffraction patterns

„Phaseless inverse 

multiple scattering 

problem“



Inversion of multislice

⊗𝐹(𝑠1)

⊗ 𝐹(𝑠2)

𝑅

Forward multislice (coherent formulation)

Diffraction patterns

„Phaseless inverse 

multiple scattering 

problem“

Goal:
Determine 𝚽𝐧 and 𝚿𝒊𝒏 such that 

they produce the same set of 

diffraction patterns



Some literature (incomplete!)

63



64
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Revision: Data fitting

Set of measurements

• We strive to express the experimental data 
(𝑦𝑖 , 𝑥𝑖) by a model 𝒀(𝑥)

• Let us use a second order polynomial

𝑌 𝑥𝑖 = 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐

• Let the parameters {𝑎, 𝑏, 𝑐} be fully 
unknown

𝒙𝒊 𝒚𝒊

−3 4.75

−2 2.5

−1 1.25

0 1

1 1.75

2 3.5

3 6.25
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Revision: Data fitting

Set of measurements

• We strive to express the experimental data 
(𝑦𝑖 , 𝑥𝑖) by a model 𝒀(𝑥)

• Let us use a second order polynomial

𝑌 𝑥𝑖 = 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐

• Let the parameters {𝑎, 𝑏, 𝑐} be fully 
unknown

• Concept:

1. Start with a guess {𝑎 0 , 𝑏 0 , 𝑐 0 }

2. Quantify the consistency with the 
experiment

3. Update the parameters {𝑎, 𝑏, 𝑐}

𝒙𝒊 𝒚𝒊

−3 4.75

−2 2.5

−1 1.25

0 1

1 1.75

2 3.5

3 6.25

• Define „Loss function“, e.g. the 𝓛𝟐 loss as

ℒ2 =෍

𝑖=1

𝑁

𝑌 𝑥𝑖 − 𝑦𝑖
2 =෍

𝑖=1

𝑁

𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖

2

• Example at starting condition with 𝑎(0) = 𝑏(0) = 𝑐 0 = 0:

ℒ2 =෍

𝑖=1

7

𝑦𝑖
2 = 85.75

Starting guess
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Revision: Data fitting

Set of measurements

• We strive to express the experimental data 
(𝑦𝑖 , 𝑥𝑖) by a model 𝒀(𝑥)

• Let us use a second order polynomial

𝑌 𝑥𝑖 = 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐

• Let the parameters {𝑎, 𝑏, 𝑐} be fully 
unknown

• Concept:

1. Start with a guess {𝑎 0 , 𝑏 0 , 𝑐 0 }

2. Quantify the consistency with the 
experiment

3. Update the parameters {𝑎, 𝑏, 𝑐}

𝒙𝒊 𝒚𝒊

−3 4.75

−2 2.5

−1 1.25

0 1

1 1.75

2 3.5

3 6.25

• Define „Loss function“, e.g. the 𝓛𝟐 loss as

ℒ2 =෍

𝑖=1

𝑁

𝑌 𝑥𝑖 − 𝑦𝑖
2 =෍

𝑖=1

𝑁

𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖

2

• Example at starting condition with 𝑎(0) = 𝑏(0) = 𝑐 0 = 0:

ℒ2 =෍

𝑖=1

7

𝑦𝑖
2 = 85.75

Starting guess

Question

How should a,b,c be updated so as 

to reduce (change) the loss?

→ Derivatives of loss w.r.t. all free 

parameters needed
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Revision: Data fitting

Set of measurements
• Change of loss in dependence of each parameter 𝑎, 𝑏, 𝑐:

𝜕ℒ2
𝜕𝑎

=෍

𝑖=1

𝑁

2 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖 ⋅ 𝑥𝑖

2

𝜕ℒ2
𝜕𝑏

=෍

𝑖=1

𝑁

2 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖 ⋅ 𝑥𝑖

𝜕ℒ2
𝜕𝑐

=෍

𝑖=1

𝑁

2 𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖

• Update 𝑎, 𝑏, 𝑐 in next epoch such that loss gets smaller:

𝑎(𝑗+1) = 𝑎(𝑗) − 𝛽𝑎 ⋅
𝜕ℒ2
𝜕𝑎

𝑏(𝑗+1) = 𝑏(𝑗) − 𝛽𝑏 ⋅
𝜕ℒ2
𝜕𝑏

𝑐(𝑗+1) = 𝑐(𝑗) − 𝛽𝑐 ⋅
𝜕ℒ2
𝜕𝑐

Starting guess

ℒ2 =෍

𝑖=1

𝑁

𝑎𝑥𝑖
2 + 𝑏𝑥𝑖 + 𝑐 − 𝑦𝑖

2

„Learning rate“
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Revision: Data fitting 𝛽𝑎 = 0.0012, 𝛽𝑏 =
𝛽𝑎

10
, 𝛽𝑐 =

𝛽𝑎

100

20 epochs

Oscillating solutions …

𝒂(𝟐𝟎) 𝒃(𝟐𝟎) 𝒄(𝟐𝟎)

Fit 0.4122 0.2500 −0.7319

Ground truth 0.5 0.25 1
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Revision: Data fitting 𝛽𝑎 = 0.0011, 𝛽𝑏 =
𝛽𝑎

10
, 𝛽𝑐 =

𝛽𝑎

100

20 epochs

Much better fit Loss asymptote

𝒂(𝟐𝟎) 𝒃(𝟐𝟎) 𝒄(𝟐𝟎)

Fit 0.4855 0.2500 1.0115

Ground truth 0.5 0.25 1
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Revision: Data fitting 𝛽𝑎 = 0.001, 𝛽𝑏 =
𝛽𝑎

10
, 𝛽𝑐 =

𝛽𝑎

100

50 epochs

Much better fit Loss asymptote

𝒂(𝟓𝟎) 𝒃(𝟓𝟎) 𝒄(𝟓𝟎)

Fit 0.4998 0.2500 1.0008

Ground truth 0.5 0.25 1
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Outline

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation



Single-scattering Ptychography

Illumination

Recorded signals

In
te

ra
c
tio

n

𝑅

𝑎(Ԧ𝑟)

𝑂(Ԧ𝑟)

𝐼( Ԧ𝑞, 𝑅) = 𝜓 Ԧ𝑞, 𝑅
2

Ԧ𝑟 መ𝐼 Ԧ𝑞, 𝑅𝐼 Ԧ𝑞, 𝑅

Object

Transmission

function

Scattering model: (Complex) multiplicative object

𝜓 Ԧ𝑟, 𝑅 = 𝑎 Ԧ𝑟 ⊗ 𝛿(Ԧ𝑟 − 𝑅) ⋅ 𝑂(Ԧ𝑟)

Experiment Guess

𝑰 𝒒, 𝑹 = 𝓕𝒓 𝝍 𝒓,𝑹
𝟐

Model to describe observations
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Illumination

Recorded signals

In
te

ra
c
tio

n

𝑅

𝑎(Ԧ𝑟)

𝑂(Ԧ𝑟)

𝐼( Ԧ𝑞, 𝑅) = 𝜓 Ԧ𝑞, 𝑅
2

Ԧ𝑟

ℒ መ𝐼 Ԧ𝑞, 𝑅 , 𝐼 Ԧ𝑞, 𝑅 Loss

መ𝐼 Ԧ𝑞, 𝑅𝐼 Ԧ𝑞, 𝑅

„Wirtinger Flow“

Experiment Guess

𝛁𝑶𝓛

∇𝑎ℒ

෠𝑂𝑡+1 Ԧ𝑟 = ෠𝑂𝑡 Ԧ𝑟 − 𝛽 ⋅ ∇ ෠𝑂∗ℒ መ𝐼 Ԧ𝑞, 𝑅 , 𝐼 Ԧ𝑞, 𝑅 Object

Candes et al., Phase retrieval via Wirtinger flow: Theory and 

algorithms, IEEE Trans. Inform. Theory 61 1985 (2015)Single-scattering Ptychography

ො𝑎𝑡+1 Ԧ𝑟 = ො𝑎𝑡 Ԧ𝑟 − 𝛽 ⋅ ∇ ො𝑎∗ℒ መ𝐼 Ԧ𝑞, 𝑅 , 𝐼 Ԧ𝑞, 𝑅 Probe

Wirtinger gradient/derivative
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→ Wirtinger derivatives

Complex differentiatiability of complex function 

𝑓 𝑥 + 𝑖𝑦 = 𝑢 𝑥, 𝑦 + 𝑖𝑣(𝑥, 𝑦)

→ Fulfil Cauchy-Riemann differential equations:
𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥

Let 𝑧 ≔ 𝑥 + 𝑖𝑦 then

𝜕𝑓

𝜕𝑧
=
1

2

𝜕𝑓

𝜕𝑥
− 𝑖

𝜕𝑓

𝜕𝑦

𝜕𝑓

𝜕𝑧∗
=
1

2

𝜕𝑓

𝜕𝑥
+ 𝑖

𝜕𝑓

𝜕𝑦

Are the Wirtinger derivatives.

Example:

𝑓 𝑧 = 𝑧𝑧∗ = 𝑥 + 𝑖𝑦 𝑥 − 𝑖𝑦 = 𝑥2 + 𝑦2

𝜕𝑓

𝜕𝑧
=
1

2
2𝑥 − 2𝑖𝑦

𝜕𝑓

𝜕𝑧∗
=
1

2
(2𝑥 + 2𝑖𝑦)
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Max Leo Leidl

Mo

S2

𝑍 = 2 × 16
𝑍 = 42

MoS2 Monolayer

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

∞

Diffraction patterns

Single-scattering Ptychography
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Leidl et al., Micron 185 103688 (2024)



∞

Diffraction patterns

Max Leo Leidl

Mo

S2

𝑍 = 2 × 16
𝑍 = 42

MoS2 Monolayer

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

Single-scattering Ptychography
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Gradient-based update spectrum: ℱ Ԧ𝑟
෠𝑂𝑡+1 = ℱ Ԧ𝑟

෠𝑂𝑡 − 𝜇 ⋅ ℱ Ԧ𝑟 ∇ ෠𝑂∗ℒ መ𝐼 Ԧ𝑞, 𝑅 , 𝐼 Ԧ𝑞, 𝑅

Mo S2

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

log log

log log

lin lin

lin lin

BF BF

BF BF

Epoch:

𝑡 = 10

Mo S2

Epoch:

𝑡 = 10

Single-scattering Ptychography
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High dose (𝟏𝟎𝟔 𝒆𝒍./pattern)

Mo S2

• All loss functions perform well up to 𝟐𝜶
• Amplitude and Poisson loss yield highest spatial frequencies

→ Origin of differences: low DF counts

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

Leidl et al., Micron 185 103688 (2024)

ℒ1 ℒ𝑀𝑆𝐸

ℒ𝐴 ℒ𝑃

Single-scattering Ptychography
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Medium dose (𝟏𝟎𝟒 𝒆𝒍./pattern)

Mo S2

• Amplitude and Poisson loss

> 𝟏. 𝟓 higher spatial frequencies reconstructed

• Poisson: Continuous signal & noise transfer

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

ℒ1 ℒ𝑀𝑆𝐸

ℒ𝐴 ℒ𝑃

Single-scattering Ptychography
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Single-scattering Ptychography

Low dose (𝟏𝟎𝟐 𝒆𝒍./pattern)

Mo S2

• Poisson: 𝟐𝜶 modulation sets in as well

• However: Best SNR in phase

L1 loss

ℒ1 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

Mean squared error

ℒ𝑀𝑆𝐸 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘
2

Amplitude loss

ℒ𝐴 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘

2
Poisson loss

ℒ𝑃 =෍

𝑘

መ𝐼𝑘 − 𝐼𝑘 ln( መ𝐼𝑘 + 𝜀)

ℒ1 ℒ𝑀𝑆𝐸

ℒ𝐴 ℒ𝑃

81

Leidl et al., Micron 185 103688 (2024)



Foretaste of the practical: reconstruct atomic structure of  SnS2

82

Selected CBEDs

Probe Specimen

OTF Power spectrum

OTF phase

OTF modulusProbe modulus

Aberration function 𝜒
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Outline

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation



Inversion of multislice

Benchmark study: Chen et al (Group David Muller)

{S} pixel- & slice wise reconstructed

→ Order of NSlice x 1K x 1K = NSlice x 106

complex parameters

{P} multimodal probes pixel wise reconstructed

→ Order of Nprobes x 1K x 1K = Nprobes x 106

complex parameters

→ Reconstruction of 107 complex parameters

→ No physics constraints to potentials and wave functions

→ Handcrafted regularisation concepts

Science 372, 826–831 (2021)
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Inversion of multislice

20 nm−1

Real

𝜑𝐷𝑃
(𝑛)

Ԧ𝑞
2

𝑛

Bragg

𝜑𝐷𝑃
𝑛

Ԧ𝑞
𝑛

2

Difference (TDS)

Real

0 600 Vnm

0.5 nm

... But multislice inversion is for thick specimens

... in which TDS is omnipresent
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TDS: Model violations in pixelwise reconstructions (STO)

Z.Herdegen et al., Phys. Rev. B 110, 064102 (2024) 86



Inversion of multislice

Gradient calculation: Multislice as a Neural Network

Fresnel layer

PG layer

x NSlice

x NProbes

ℓ

Sim Exp

Deriva-

tives

Update

−∇{𝑃}

−∇{𝑆}

Van den Broek, Phys Rev Lett 109, 245502 (2012)

• Implementation in PyTorch

• Strictly physics-based NN

Science 372, 826–831 (2021)

NSlice x 1K x 1K = NSlice x 106

Nprobes x 1K x 1K = Nprobes x 106

Pixel-wise (unimodal)

„Multimodal objects“:  Thibault et al., Nature 494, 68 (2013) 87



Inversion of multislice

Parametrised inversion of partially coherent dynamical scattering

• Partially coherent probe formation known

Probe expressed by:

𝜓𝑘 = 𝛼𝑘 ⋅ 𝜙𝑖𝑛
𝑃
(Ԧ𝑟 − Ԧ𝑠 − Ԧ𝜂𝑘 , 𝛿𝑘)

→ Order of Nprobes x 10 real parameters

→ Bounded to physical solutions

Semi-angle, aberrations
Scan position

Partial spacial

coherence

Focus

fluctuationsProbability 

for Ԧ𝜂𝑘, 𝛿𝑘

• Specimen potential known

Built by N atoms:

𝑉𝐷𝑊 Ԧ𝑟 = ෍

𝑛=1

𝑁

𝑤𝑛 ⋅ 𝐷𝑛 ⊗𝑣𝑍𝑛(Ԧ𝑟 − Ԧ𝑟𝑛)

Single Frozen Phonon configuration 𝜏 in slice 𝑗:

𝑉𝐹𝑃
(𝑗)

Ԧ𝑟, 𝜏 = ෍

𝑛=1

𝑁

𝑤𝑛 ⋅ 𝑣𝑍𝑛(Ԧ𝑟 − Ԧ𝑟𝑛 − 𝑢𝑛
2 ⋅ Ԧ𝑔𝑛,𝜏)

Weight to adjust type

Debye-Waller Factor

Atomic potential

(from Hartree-Fock)

Random Gaussian

displacements

88



Inversion of multislice

Gradient calculation: Multislice as a Neural Network

Fresnel layer

PG layer

x NSlice

x NProbes x NFP 

ℓ

Sim Exp

Deriva-

tives

Update

−∇{𝑃}

−∇{𝑆}

Van den Broek, Phys Rev Lett 109, 245502 (2012)

• Implementation in PyTorch

• Strictly physics-based NN

• Partial coherence of probe 

(𝑵𝒑𝒓𝒐𝒃𝒆𝒔) and specimen (𝑵𝑭𝑷)

Science 372, 826–831 (2021)

NSlice x 1K x 1K = NSlice x 106

Nprobes x 1K x 1K = Nprobes x 106

Pixel-wise (unimodal)

Parameterised
Nat. Comm. 15, 101 (2024)

Ԧ𝑟1

Ԧ𝑟1
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Inversion of multislice: Multimodal probe & specimen

⋮ ⋮ ⋮

𝐼 𝑘, 𝑅 = 𝐼 𝑘, 𝜏, 𝑅
𝜏

Multi-modal reconstruction to enable TDS

L

Experimental 4D data set/
Ground truth

𝜕ℒ

𝜕𝑥𝑖
∗

−
𝜕ℒ

𝜕𝑥𝑖
∗

FP config. 1 FP config. 2 FP config. 3

𝜏𝟏 𝜏𝟐 𝜏𝟑

Z.Herdegen et al., Phys. Rev. B 110, 064102 (2024) 90



Hybrid model

param. layers

pix. layers

pix. layers

specimen

contam.

contam.

Reconstructed amorphous carbon layers

(simulation study) 

4 Å

5 nm

5 nm

20 nm

Z.Herdegen et al., Phys. Rev. B 110, 064102 (2024)

Hybrid parameterised/pixellated model

Decontamination of specimen surfaces
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Inverse multislice in PZT ferroelectrics

(ZrTi)O

O1

O2

Pb

Start Final Theory

O1

column

O2

column

O3

Zr

Ti

(ZrTi)O

column

O3

Zr

Ti

(ZrTi)O

column

Pb

column

Epoch1 101

Pol.

Diederichs et al., Nature Communications 15, 101 (2024)

• Polarisation detected without prior

• Accurate atom positions

• Different species in same column 

distinguished

• Virtual atom approximation valid
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→ Incorporates TDS in inverse model

→Measured atom positions:

Precise to a few picometers

Separated in mixed column

Position in Å
0 5 10 15 20

0

5

10

15

P
o

s
it
io

n
 i
n

 Å

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60
Å

F
e
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e
le

c
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is
p

la
c
e

m
e

n
t

a b
Pb

Zr/Ti

O

1750 VÅ0 VÅ

Z – contrast

Reconstructed

potential

Inverse multislice of PZT ferroelectrics

(ZrTi)O
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→ Incorporates TDS in inverse model

→Measured atom positions:

Precise to a few picometers

Separated in mixed column (ZrTi)O

Position in Å
0 5 10 15 20

0

5

10

15

P
o

s
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n
 i
n
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0.15

0.20
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0.30
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0.40
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Å

F
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 d
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p
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m
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n
t

a b
Pb

Zr/Ti

O

1750 VÅ0 VÅ

Z – contrast

Reconstructed

potential

Inverse multislice of PZT ferroelectrics

94Diederichs et al., Nature Communications 15, 101 (2024)



Importance of TDS

Increase real space

sampling.

Switch to frozen

phonon model

• Precision significantly worse compared to FP

• Polarisation direction (partly) wrong for O

• Unique minimum in thickness scan

• Drastic improvement of ℒ1 loss upon switch to FP

L
o
s
s

#Slices

52

Loss characteristics Single-state DW result for displacements

95Diederichs et al., Nature Communications 15, 101 (2024)



Importance of TDS

Increase real space

sampling.

Switch to frozen

phonon model

• TDS reproduced reliably with frozen 

phonon model (Einstein)

• Unique minimum in thickness scan

• Drastic improvement of ℒ1 loss upon switch to FP

L
o
s
s

#Slices

52

Loss characteristics

96Diederichs et al., Nature Communications 15, 101 (2024)



Nat. Commun. 15, 101 (2024), PhD thesis Strauch

Parametrized inverse multislice:

• Inverse model with Frozen Phonons

• Thermal diffuse scattering included

• Z-contrast

• Mistilt-eliminated structural imaging

Domain 1 Domain 2 Domain 3
1

2

3

Ziria Herdegen et al.,

Physical Review B 110, 064102 (2024)

See also: A. Gladyshev arXiv:2309.12017

Summary ferroelectric case study
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Merci beaucoup!

STEM, DPC, COM, phases and 
momentum transfer

Electric fields in thin specimen: 
Ehrenfest theorem

Approaches for polarisation-
induced field mapping

Practice hint 1 – 5, focus, coherence

Gradient – based (single & 
multislice) ptychography

Introduction to the inverse problem

Minimizing the loss function: a 
single-scattering example

Inverse multislice: concept, 
coherence, TDS, parametrisation

TorchSlice software in practicals


